Abstract-The problem considered in this paper is the design and analysis of a control strategy, for semi-active suspensions in road vehicles, based on model-predictive control (MPC) techniques. The optimal control law we compute using predictive techniques, aims to optimize the suspension performances by minimizing a quadratic cost function, while ensuring that the magnitude of the forces generated by the control law satisfies the physical constraints of passive damping. The online computation difficulties related to the predictive-control law are overcome by means of a "fast" implementation of the MPC algorithm. A performance comparison with well-established semi-active control strategies, such as Sky-Hook control and clipped control is presented. The achievable performance improvements of the proposed design procedure over Sky-Hook and clipped control laws are shown by means of simulation results obtained using a nonlinear half car model which proved to give an accurate description of the overall vertical dynamics of a vehicle equipped with continuous damping suspension systems.
I. INTRODUCTION
T HE DESIGN of controlled suspension systems for road vehicles aims to enhance the vehicle performances with regard to comfort and road handling. Such performance requirements have received, in the last two decades, a growing interest witnessed by an intense research activity developed from both industrial and academic sides (see, e.g., [1] and the references therein). Vehicle suspensions serve several conflicting purposes: in addition to counteracting the body forces resulting from cornering, acceleration, or braking, and changes in payload, suspensions must isolate the passenger compartment from road irregularities. For driving safety, a permanent contact between the tires and the road should be assured. Passive suspension systems built of springs and dampers have serious limitations. Their parameters have to be chosen to achieve a certain level of compromise between road holding, load carrying, and comfort, under a wide variety of road conditions. This motivated extensive researches on active and semi-active suspension systems. Active suspension systems have the ability to store, dissipate, and introduce energy to the system. As a result, the tradeoffs among conflicting design goals can be better resolved. On the other hand, they require suitable actuator devices and high levels of energy consumption leading to an increase of the system costs. To reduce such costs, semi-active suspensions were proposed, making use of dampers that can vary the damping coefficient. Comprehensive studies have been published that evaluate the performances of active and semi-active suspensions, as well as studies that compare them (see [1] - [6] ).
Indeed, semi-active suspensions seem to provide a good compromise between costs (energy consumption and actuators hardware) and performance. From one side, they are based on dampers with controllable damping coefficient, which are known to be comparatively inexpensive as they require negligible additional power. Semi-active suspension are already mounted on many newly designed top cars, and a lot of academic and industrial research activity is currently being undergone in this area, see [1] and [4] - [7] .
The goal of this paper is to introduce the design and analysis of a control strategy, for semi-active suspensions in road vehicles, based on model-predictive control (MPC) strategies. It is a well-known fact that the computation of such predictive-control laws is a crucial task in every MPC application to systems with fast dynamics due to the fact that an optimization problem has to be solved online. In order to overcome this problem, a "fast" model-predictive control (FMPC) implementation, based on nonlinear function approximation techniques, is introduced on the basis of [8] . The performances of the proposed FMPC technique will be compared with well-established semi-active control algorithms such as "two state" Sky-Hook (see, e.g., [1] ) and "clipped" strategy (see, e.g., [9] and [6] ). In order to investigate in a realistic fashion the achievable results of the proposed FMPC strategy, the half-car nonlinear model developed in [10] by means of Nonlinear Set Membership identification techniques has been used. This model provides quite accurate simulation results of a segment C car equipped with continuous damping control, as compared to actual measurements performed on a four-posters bench test (see [10] for details). Such simulations have been carried out using standard "benchmark" road profiles employed in industrial tests such as random profiles, sine wave holes, short back, drain well, and English Track.
II. PROBLEM FORMULATION
In the half-car schematic of Fig. 1 , the chassis, the engine, and the wheels are modeled as rigid bodies, static nonlinear characteristics are assumed for suspensions. The vehicle is assumed to run at a constant speed . Given the decoupling properties of half-car models into quarter models in an optimal control context using quadratic performance indexes introduced in [11] , the design of the control system will be carried out considering separately, two different quarter-car models having the structure depicted in Fig. 2 . However, the testing of the obtained FMPC design and the other considered techniques will be performed using the nonlinear half-car model developed in [10] . In order to denote the model parameters pertaining to the front and the rear sides of the half-car model, superscript and , respectively, will be added to the considered symbols in Fig. 2 . As an example, will indicate the vertical position of the unsprung mass of the front suspension of the vehicle.
As the proposed design methodology is identical for the front and the rear suspension, the developments that follow will be carried out considering the generic quarter-car system of Fig. 2 without distinctions. In semi-active suspensions systems, the damper force is , where the damping coefficient is variable. Variable damping can be obtained in many different ways. The most diffused one exploits standard hydraulic dampers, where a fluid flows through valves. By controlling the opening of valves, it is possible to vary the damping coefficient so that the only power required for the damper is the relatively small power needed to control the valves. In particular, the valves opening can be actuated by a suitable servo-mechanism driven by an appropriate current . The determination of such driving current is realized through a "force-current map" which gives the dependence of force at each time as a function of current and relative speed , i.e., . In Fig. 3 , the behavior of a typical force-current map for a commercial damper is shown. For sake of simplicity, in Fig. 3 , only the maximum and the minimum curves and are represented. Now, observing Fig. 3 , it can be seen that the straight lines having cartesian equation (1) for suitable values of the real parameters and , for define the shadow bounded region in which the control force must lay. Such a region establishes the allowable value for the control force that can be actuated by the semi-active damper device. Then, the semi-active control strategy, in order to ensure the feasibility of the suspension forces, must be computed guaranteeing the satisfaction of the passivity constraint This constraint can be written in a more detailed form as if if (2) At present, two semi-active techniques are widely used: two-state Sky-Hook Control Strategy and the "clipped" control strategy. Two-State Sky-Hook Control. In two-state Sky-Hook control (see, e.g., [3] ), the damper is adjusted at a maximum or minimum damping. These are referred to as high-state and lowstate damping, respectively. The determination of whether the damper is to be adjusted to either its high state or its low state depends on the product of the relative speed of the suspension damper and the absolute speed of the sprung mass attached to that damper. If the product is positive or zero, the damper is adjusted to its high state; otherwise, the damper is set to the low state. This concept is summarized by
The two-state Sky-Hook semi-active policy emulates the ideal body displacement control configuration of a passive damper hooked between the sprung mass and the sky. Clipped Control. Under this denomination, a class of controls is grouped (see [9] and [6] ). In particular, their common characteristic relies on the fact that these control laws are based on a two-stage strategy. In the first step, an active control law is designed assuming that an ideal active device is present. The second step is devoted to realize, at each time , a "clipped" controller as follows:
• and , then . From the discussion made so far, it is clear that an effective semi-active suspension control strategy requires to balance a set of comfort and handling specifications that can be formulated by the optimization of a suitable performance index subject to the passivity constraint (2). However, both the above described strategies satisfies the constraint at each current time, without considering its effects on future time. This may cause, as it will be shown by the presented simulation results, relevant limitations in achievable performances, because the dynamic evolution of the overall system is not taken into account. MPC appears to be a more appropriate techniques able to handle the control design accounting for both passivity constraints and dynamic evolution of involved variables (accelerations, velocities and positions). A direct application of MPC cannot actually be performed, since it requires the solution of a quadratic programming optimization within the sampling period, a task that cannot be performed online at the sampling times required by this application, which ranges from 2 to 5 ms. In order to overcome this problem, the fast online implementation of MPC, (FMPC) proposed in [8] is used.
III. SEMI-ACTIVE SUSPENSION CONTROL USING FMPC
MPC (see, e.g., [12] and [13] , and the references therein) is an optimization-based control law. The optimal solution relies on a dynamic model of the process, satisfies given input and state constraints, and minimizes a quadratic performance measure. The quarter-car model dynamics are given by the following set of differential equations:
These equations can be rewritten in a state space form as (5) where , and , , and are suitable matrices. By choosing a suitable sampling interval and discretization techniques, a discrete time model may be obtained in state space form (6) The objective is to find a control law that optimizes the performances of the vehicle with regard to comfort and road handling, subject to the passivity constraint (2), and to the dynamic equation (6) . By means of the damper map, the control force computed by the semi-active control algorithm may be converted into the required driving current . Performance specifications can be included in an objective function . By defining the prediction horizon , the control horizon and positive definite matrices and , the objective function can be expressed by a quadratic function (7) where denotes the state predicted by the model (6), given the input sequence and the "initial" state , is the vector of the control moves to be optimized. If the following choice is made:
. The passivity constraints can be written as linear inequalities on the control force and the system state variables . In particular, the relative speed between sprung and unsprung masses can be written as the product with . Then, for every control instant , such that the control move has to be computed taking into account the following constraints:
The MPC control law is then obtained applying the following receding horizon strategy: 1) at time instant , get ; 2) solve the quadratic problem:
3) apply the first element of the solution sequence to the optimization problem as the actual control action ; 4) repeat the whole procedure at time . It has to be noted that the passivity constraints (8) are defined in different ways according to the sign of the predicted suspension relative speed . Thus, the sign of introduces, inside the prediction horizon, the necessity to switch between the constraints to be satisfied. This situation can be formulated as a predictive-control scheme involving logic constraints whose solution can be computed by means of mixed integer programming techniques (see [14] for details).
An online application of the procedure cannot actually be performed, since it requires the solution of the optimization problem (9) at each sampling time, a task that cannot be performed online at the sampling periods required for this application. In general, the control move at time results to be a continuous nonlinear static function of the system state , i.e.:
This motivates the recent research efforts devoted to develop computationally tractable MPC solutions. In particular in [16] , [17] explicit piece-wise linear solutions of the MPC problem have been introduced to compute the function . They are based on a state space partition in polyhedral regions inside which the control law is an affine function of the system state that can be precomputed, stored, and implemented online. While such approach is quite attractive, as the online optimization is avoided, it may have serious limitations as, at each sampling time, the polyhedral region the initial state lies in, has to be determined. However, the number of subregions typically has a very fast increase with the dimension of state space and of the control horizon , leading to large computational complexity even for moderate values of and (greater than few unities) giving severe limitations to online application of the procedure. In order to overcome this problem, more efficient evaluation methodologies have been introduced. They range from the construction of a binary search tree to evaluate the exact control law achieving logarithmic computational time in the number of regions to the construction of suboptimal approximations of the control law (see, e.g., [18] and the references therein). A different approach has been introduced in [19] and [20] , where a neural approximation of the static function is considered, based on the offline computation of the values of the function at a given number of points . The problems with such an approach are the trapping in local minima during the learning phase and the difficulty of handling the constraints in the image set of the function to be approximated. In order to circumvent such problems, the approximation of from the evaluated values is performed using the set membership approach to nonlinear function estimation proposed in [8] . Consider a bounded region , where state can evolve. A number of values of may be derived by performing offline the MPC procedure starting from initial conditions , so that
The aim is to derive from these known values of and , from known properties of , and from the input limitations , an approximation of . Function is affine over a finite number of polyhedral subregions of state space, [16] , [17] . Let the gradient of within region and define (11) Using the functions defined below (12) the function (13) makes up an optimal approximation for any norm , defined as and . Moreover, it can be shown (see [8] for details) that the approximation error of is pointwise bounded as and is pointwise convergent to zero (14) Thus, evaluating , it is possible to decide if the chosen is sufficient to achieve a desired accuracy in the estimation of or if has to be increased. An estimate of defined in (11) can be derived as follows: (15) Such estimate is convergent to (16) Finally, the MPC control can be implemented online, by simply evaluating the function at each sampling time 
IV. SIMULATION RESULTS

A. Vehicle Data
The following physical parameters characterize the consid- In order to perform the FMPC design using two separate quarter car models, a suitable sprung mass distribution over and has to be derived. To this end, the decoupling condition given in [11] has been employed, giving rise to the values kg and kg. The damper characteristics for both the suspensions, are described by the map reported in Fig. 4 . Such a map has been obtained using experimental data collected for the identification of the model described in [10] . The considered damper gives rise to the following passivity constraint definition:
B. FMPC Design
As for the performance index to be optimized in the control design, we recall that the main objective in a suspension control system is to enhance comfort and handling performances. A standard measure to evaluate ride comfort characteristics is the sprung mass acceleration while handling performances the exchanged forces between tire and road which depend on the tire deflection are usually considered (see, e.g., [6] ). Then, in order to take into account such requirements, the MPC control law has been designed optimizing at each instant the following index: (18) Due to the fact that comfort and handling requirements are conflicting objectives (see, e.g., [6] and [21] ), the weight can be tuned to obtain a satisfactory performance compromise. Given the state space description introduced in (5), the cost function (18) can be expressed in the form (7) by an appropriate definition of matrices , and . For both the front and the rear suspensions, the optimization problem (9) has been formulated by taking into account prediction and control horizons, such that . Given such MPC problem definition, the corresponding FMPC approximation has to be computed. The procedure may be summarized as follows.
• A set of the state data , has been generated, collecting the state evolution during several offline simulations using the same road profiles employed to test the performances of the controlled suspension system. This allows to define the bounded region , where the state evolves. Other points (i.e., ) have been included in order to have a good gridding coverage of the set . Values of and have been chosen for both the suspensions. In particular, two sets and have been defined for the front and the rear suspensions, respectively, which resulted to be polyhedrons in defined by the following inequalities:
• Starting from each of the initial condition previously defined, the first control move is computed, on the basis of (9) giving rise to a set of the control data . • Using (15), the value has been obtained for both the suspensions. Then, on the basis of such value of , the data and , and the constraints (17) the approximating control law has been computed by means of (12) and (13). In Fig. 5 , the generated suspension forces by the MPC and the FMPC controllers are reported and compared for a sine wave hole profile. As it can be seen the plotted lines practically coincide proving that the FMPC control provides a high level of approximation of the designed MPC controller. In Fig. 5 , the force computed by the FMPC controller is compared with the corresponding limitations given by the passivity constraints: it can be noted that the proposed FMPC approach does not violate the force limitations.
The computation of the control moves is realized by means of (12) and (13) using an optimized MatLab code. The mean computational time for each control move for FMPC performed on an Intel Pentium 4 platform at 1.8 GHz is of about 0.45 ms, while the full MPC procedure takes about 0.25 s.
C. Simulation and Performance Evaluation Settings
In order to investigate, in a realistic fashion, the achievable results of the proposed FMPC strategy, the half-car nonlinear model developed in [10] by means of nonlinear set membership identification techniques has been used. This model provides quite accurate simulation results of a segment C car equipped with continuous damping control, as compared to actual measurements performed on a four-posters bench test (see [10] for details). Such simulations have been carried out using the following "benchmark" road profiles employed in industrial tests:
• In order to give a quantitative evaluation of the ride comfort performances achieved by the considered control strategies, the RMS value of the sprung mass acceleration , normalized with respect to the gravity acceleration , according to [21] can be considered (19) As for the handling performances, they depend on the forces that are exchanged between tire and road which are given by and for the front and the rear suspension, respectively. Then, the RMS values of the forces and normalized with respect to the static forces acting on the wheels and according to [21] , can be conveniently used to evaluate the handling performances
The quantitative results are now reported for each specific profile class.
1) Random Road Profiles:
This kind of road profile is widely used to test vehicle basic comfort and handling performances. Different road roughness characteristics have been taken into account according to the ISO classification (see, e.g., [22] ). The analysis of the results reported in Figs. 6-8 , shows that the enhancements on comfort index (19) ranges from the 18% to the 30% with respect to the LQ-clipped control, and from the 10% to the 50% with respect to the Sky-Hook strategy. More contained improvements are obtained for the handling performances evaluated according to the index (20a). Indeed, a slight degradation of about the 3%, in comparison with LQ-clipped control, occurs at high speed for the class B and C road profiles.
2) Sine Wave Hole Profiles: Sinewaveholesmakeupaserious way to test performances of vehicle suspension systems. In particular, as the length of the hole is greater than the distance between front and rear axles, pitch motions are effectively excited (see [23]). Moreover, given the amplitude characteristics of such road holes, bounce performances can be evaluated as well. In order to perform an extensive test on such road profile vehicle speeds of 60, 80, 100, and 120 km/h have been considered. In Fig. 9 , the achieved comfort and handling performance computed according to the indexes (19) and (20a) are resumed. It is evident that the use of the FMPC strategy ensure higher performance levels with respect to the other considered control techniques.
Pitch performances can be evaluated by means of the r.m.s. value of the pitch acceleration (21) Bounce behavior of the controlled vehicle can be taken into account by means of the sprung mass acceleration response in the opposite direction of the hole. A suitable measure to evaluate such performance is the positive peak value of the sprung mass acceleration (22) In Fig. 10 , a resume of the pitch and bounce performances is given. It can be observed that similar pitch behaviours are obtained by the predictive and the LQ-clipped controls. Such results significantly enhance the ones achieved by Sky-Hook strategy. In regards to the bounce results, predictive control shows good improvements over both LQ-clipped (3% to 40%) and Sky-Hook (35% to 55%) techniques.
The use of this kind of road profile allows to make a deeper analysis on how predictive techniques work in order to achieve such performances. In Fig. 11 , a comparison of the sprung mass acceleration behavior obtained for a sine wave hole run at 60 km/h is reported for the three considered control techniques together with the employed road profile. It is clear that predictive control provides good damping properties giving rise to significant reductions of the acceleration peaks. Such results can be explained on the basis of Fig. 12 , where the front suspension forces erogated by FMPC and LQ-clipped are compared. The hole starts at 2.0 and ends at 2.4 s while the main bounce effect occurs approximately between 2.4 s and 2.6 s. In the time interval 2.0-2.6 s, we can observe that, at first, both the FMPC and LQ-clipped algorithms generate a suspension force corresponding to the minimum damping characteristic in order to absorb as best as possible the shock induced to the vehicle when the hole is encountered. From time instant 2.4 s (i.e., when the hole is ended), the suspension forces computed by LQ-clipped control are set to the minimum damping values until time instant 2.7 s. Such force values cannot effectively counteract the oscillations induced by the hole profile. On the contrary, predictive control is able to take into account both oscillating behaviors and limitations of possible future control actions, and finds that such oscillations can be reduced by anticipating high damping force values.
3) Short Back, Drain Well, and English Track Profiles: This set of road profiles is used to test suspension performances in the presence of impulsive road irregularities. Results related to ride comfort and handling measures (19) and (20a), are reported in Fig. 13 . It can be seen that predictive control improves, in a significant way, comfort characteristics in comparison with both LQ-clipped (13%-35%) and Sky-Hook (30%-41%) strategies. However, contrary to what happens for the previous road profiles, handling performances obtained with FMPC exhibit a degradation with respect to Sky-Hook control (6%-14%). This can be explained again on the basis of the suspension forces generated by the control algorithms represented in Fig. 15 . As shown in Fig. 14 , the impulsive bump occurs just before time instant 3.95 s. Predictive control on the basis of the predicted system behavior tries to isolate the sprung mass from the solicitations induced by the road irregularity by setting (and keeping) the suspension damping to the lower value. On the other hand, Sky-Hook control immediately after the bump switches to maximum damping value as the product , becomes positive. Such a stiffening effect causes a more direct transmission to the sprung mass of the interaction between road irregularity and tyre, thus, limiting the amount of the forces exchanged between vehicle and road. However, this action is paid in terms of significantly higher heave acceleration values. Due to the impulsive nature of Short Back and Drain Well profiles, an anal- ysis of bounce performances should be carried out. As seen for the sine wave hole test, sprung mass acceleration response in the opposite direction of the bump can be suitably taken into account. In particular, for Short Back profile, the negative peak of the sprung mass acceleration defined as: (23) can be considered, while for the Drain Well profile the index (22) is employed. In Fig. 16 , bounce performances results are summarized. It can be noted that a slight improvement is achieved by FMPC in comparison with LQ-clipped while an improvement of about 60% and 32% is obtained with respect to Sky-Hook for the Short Back and the Drain Well profiles, respectively.
V. DISCUSSION AND IMPLEMENTATION ISSUES
Passivity constraint satisfaction plays a significant role in semi-active suspensions control design. A quite common way is to design an active control strategy without taking care of the constraint and "saturate" the control input to meet the passivity requirements. This approach, while widely used in practical applications, does not take into account vehicle response in face of external inputs in future times. Model predictive control exploits predicted system behavior to compute an optimal control input which satisfies a given constraints set. In this paper, an extensive analysis on the capability of predictive control to handle semi-active suspensions design has been performed. The different control strategies are evaluated by means of multiple criteria, i.e., the comfort and handling are defined by (19) and (20) , respectively, for all the classes of road profiles. Moreover, additional comfort criteria are evaluated for some of the profiles [see (21) , (22) , and (23)]. On the basis of the results reported above, the following overall conclusions can be drawn.
• FMPC strategy improves over Sky-Hook control for all comfort criteria and all road profile classes; as to handling performances, significant improvements are achieved for sine wave hole tests, while both slight enhancements or degradations are obtained for other road profiles.
• FMPC and LQ-clipped strategies show similar behaviors in regards to handling properties, but FMPC improves over LQ-clipped for all comfort criteria and road profile classes. The relative percentages of improvements of FMPC strategy over Sky-Hook and LQ-clipped controls for the considered road profiles and evaluation criteria are summarized in Tables I and  II, respectively. On the basis of such results, it is evident that the use of a model-predictive strategy may be very attractive. In order to verify the implementation feasibility on real vehicles, computational tests have been performed on a dSpace MicroAutobox board using suitable C-code generated by means of dSpace tools. Under this hardware platform, the mean computational time required for a control move in a four corners system is less than 3 ms, which is compatible with a real-time implementation.
The computation of the control move requires knowing the state at each sampling time. The most usual configuration of sensors for semi-active suspensions, consists in accelerometers measuring and . Thus, an estimate of the system state has to be provided. Sprung and unsprung masses speeds can be obtained by suitable filtering actions of accelerometer signals. In particular, in order to remove dc offset effects, speeds are obtained by filtering the measured accelerations by means of suitable bandpass filters as described in [24] . Positions are then obtained via pseudo-integration of the estimated speed signals as proposed in [2] . A decoupled observer technique as described in [25] can be used to obtain an estimate of the tyre deflection . The use of such estimation criteria, tested in presence of a typical accelerometer offset of 0.1 m/s , produced a performance degradation on the achieved results which ranges from 5% to 10%. However, the problem of the design of suitable observers for this specific application is an open research area (see e.g., [25] and [26] ) and new promising solutions based on virtual sensor design, are under investigations ( [27] ). Anyway, the discussion of such a topic goes behind the purposes of this paper, whose primary aim is to perform an extensive analysis on the achievable performances of predictive control design in semi-active suspensions systems.
VI. CONCLUSION
A control approach based on MPC techniques for semi-active suspension systems has been proposed. In order to show the effectiveness of the proposed procedure, performance comparison with well-established semi-active control strategies such as Sky-Hook control and "clipped" control, has been presented. Extensive simulation tests have been performed on the half-car nonlinear model developed in [10] , which provides a quite accurate description of the dynamic behavior of a segment C car equipped with continuous damping control, as compared to actual measurements performed on a four-posters bench test. Such simulation results have shown that the use of prediction in control design significantly enhances comfort performances improving also the handling characteristics in almost all the considered road classes. On the basis of such results, it can be concluded that the inclusion of prediction in control computation improves performances of semi-active suspensions systems. Thus, in order to allow the implementation of such control strategy on real vehicles, a recently developed fast MPC computation technique (FMPC) has been investigated and proven to be implemented for real-time applications. 
